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Abstract The observation of the inspiral and merger of compact binaries by
the LIGO/Virgo collaboration ushered in a new era in the study of strong-
field gravity. We review current and future tests of strong gravity and of the
Kerr paradigm with gravitational-wave interferometers, both within a theory-
agnostic framework (the parametrized post-Einsteinian formalism) and in the
context of specific modified theories of gravity (scalar-tensor, Einstein-dilaton-
Gauss-Bonnet, dynamical Chern-Simons, Lorentz-violating, and extra dimen-
sional theories). In this contribution we focus on (i) the information carried
by the inspiral radiation, and (ii) recent progress in numerical simulations of
compact binary mergers in modified gravity.
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1 Introduction
Why would you modify Einstein’s beautiful theory of gravity, General Relativ-
ity (GR)? This question is asked often in the context of experimental relativity.
The driving force behind modified gravity is not to discard Einstein’s theory,
but rather to address some of the unsolved physics problems that Einstein’s
theory has brought to the forefront. The late-time expansion of the Universe
and dark energy, the rotation curves of galaxies and dark matter, the matter-
antimatter asymmetry in the early Universe, the information loss problem and
the existence of singularities, the exponential expansion of the early Universe
and inflation are just a few of these problems. One could of course assert that
these problems are resolved by (highly fine-tuned) initial conditions or the
existence of a new form of some yet-undetected weakly interacting particle.
Another avenue is to postulate that they are resolved because Nature is bet-
ter described by a modified gravity theory that reduces to Einstein’s in some
well-studied scenarios (like in the Solar System or in binary pulsars), but that
introduces key modifications in other scenarios (like on large scales, in the
early Universe or near black holes).
One way to classify these theory-inspired modifications to gravity is through
the fundamental pillars of GR that they violate or deform. Einstein’s theory
can be thought of as descending from three organizing principles: diffeomor-
phism invariance, the (strong) equivalence principle, and spacetime as a four-
dimensional continuum. Indeed, one can argue that these principles essentially
require spacetime to be curved, and that the need for the theory to reduce to
Newtonian gravity in the weak-field limit and the Bianchi identities then lead
to the Einstein equations. The resulting theory is necessarily parity invariant
(on any spacelike hypersurface) and gravity is described by the curvature of
a rank-2 tensor field that is free to propagate at the speed of light, i.e. in a
quantized picture it would be described by a massless, spin-2 particle. Given
these pillars, one can imagine breaking or deforming them to address some of
the unsolved problems mentioned above. For example, the observed matter-
antimatter asymmetry that develops in the radiation-dominated era requires
additional sources of parity violation by the Sakharov conditions [1], which
could be addressed by introducing gravitational parity-violating interactions
in the Einstein-Hilbert action [2, 3]. Another example is the late-time accel-
eration of the Universe, which instead of being described by a cosmological
constant may perhaps be explained by an additional tensor field that interacts
with the gravitational field, as in bi-gravity theories [4, 5].
Given so many modified gravity alternatives that have been postulated
to address these unsolved problems, how do we decide which one, if any, is
the best description of Nature? Experiments and observations are the fool-
proof method of choice. Many of these modified theories can be straightfor-
wardly ruled out with current Solar System [6], binary pulsar [7] and cos-
mological observations. For example, the Brans-Dicke-Jordan-Fierz flavor of
scalar-tensor theories [8–10] is incompatible with Shapiro time-delay observa-
tions by the Cassini spacecraft [11], unless the coupling constant is tuned to be
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sufficiently small. These observations, together with the cosmological evolution
of scalar fields in the scalar-tensor theories studied by Damour and Esposito-
Fare`se [12–16], prohibit the spontaneous scalarization of neutron stars [17,18],
unless one fine tunes the cosmological initial conditions of the evolution of the
scalar field.
But even after imposing the requirement that modified theories must pass
all current experimental tests, there still remain a large group of them that
is only weakly constrained today. One example are effective field theories of
gravity that introduce a scalar field sourced by singularities in the spacetime
curvature and not by matter [3, 19, 20]. Such theories will pass Solar System
tests because of the weak curvature of spacetime in the Solar System, which
thus prevents the scalar field from being strongly excited [21, 22]. These the-
ories will also pass binary pulsar tests because neutron stars do not possess
singularities, and thus, the scalar field is not strongly activated [23, 24]. One
must then rely on new observations, observations that sample the extreme
gravity regime, where the spacetime is strongly curved and highly dynamical.
One example are gravitational wave (GW) observations of the coalescence of
binary compact objects, like black holes and neutron stars.
GW tests are quite different from other tests of gravity that have been
carried out to date. As argued above, GWs are unique probes of the extreme
gravity regime, being sensitive both to the propagation and the generation
of these waves. Moreover, GWs are weakly interacting, and thus, they travel
essentially unimpeded to our detectors on Earth, without being affected by
intervening matter. For example, the accretion disk of black holes introduces
a very small modification to the GWs emitted when black holes collide, except
perhaps for the most massive disks [25–28]. Finally, GW tests are localized in
spacetime, sampling the gravitational interaction everywhere inside the wave’s
lightcone. One could thus imagine that as more GW observations are made,
one can begin to build constraint maps that represent the verification of the
pillars of GR everywhere in the sky. That is, one could envision a GW sky
map (similar to that which depicts anisotropies in the cosmic microwave back-
ground) that depicts the sky locations of thousands of GW detections and the
constraints placed on a given deformation of GR at that particular location,
perhaps even allowing constraint contours in sky location.
The era of GW physics has begun, heralded by the first detections of Ad-
vanced LIGO (aLIGO) and Virgo [29–34]. These observations have already
confirmed that indeed GWs exist, that they are predominantly quadrupolar
in nature, and that they propagate at essentially the speed of light in a Lorentz-
invariant fashion. Such tests therefore confirm some of the pillars of GR, but
the era of precision experimental relativity with GWs is only beginning. In
the next few years, the LIGO/Virgo collaboration will continue to make de-
tections at an ever increasing rate with larger and larger signal-to-noise ratios.
In the near future new detectors (such as KAGRA in Japan and LIGO-India
in India) will join the network, which will allow for precise probes of the po-
larization content of GWs. Work has already begun to consider upgrades to
third-generation detectors, and in the early 2030s space-based detectors will
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be launched [35]. At this stage, the stacking of hundreds or thousands of GW
observations will yield unprecedented tests of Einstein’s theory of gravity in
the mostly unexplored extreme gravity regime.
This contribution is organized as follows. In Section 2 we briefly review
models of modified gravity that have been explored in some detail in the con-
text of strong-gravity tests, including scalar-tensor theories, Einstein-dilaton
Gauss-Bonnet gravity, dynamical Chern-Simons gravity, Lorentz-violating the-
ories, and theories involving extra dimensions. In Section 3 we present generic
and theory-specific tests of modified gravity with compact binary inspirals,
reviewing first current constraints, and then future prospects. In Section 4 we
discuss the current state of numerical simulations of compact binary mergers
in modified gravity. We conclude in Section 5 with a list of important open
problems. In Appendix A we derive the scalar charge in decoupled dynamical
Gauss-Bonnet gravity for black holes with arbitrary rotation. The final expres-
sion was shown in [36], but the details of the derivation (and the expression
for the quadrupole scalar charge) are presented here for the first time. In Ap-
pendix B we briefly review a “dynamical no-hair theorem” for black holes in
scalar-tensor gravity.
2 Modified Theories of Gravity
2.1 Scalar-tensor Theories
One of the simplest extensions of GR is scalar-tensor gravity. In this class of
theories, one or more scalar degrees of freedom are included in the gravitational
sector through a non-minimal coupling: the Ricci scalar in the Einstein-Hilbert
action is multiplied by a function of the scalar field(s). These theories are well
motivated: scalar fields with non-minimal couplings to gravity appear (e.g.) in
string theory [37], in Kaluza-Klein-like theories [38] and in braneworld scenar-
ios [39,40]. These models have also been extensively discussed in a cosmological
context [41]. Due to their simplicity, scalar-tensor theories are a good frame-
work to study the strong-field dynamics of modified gravity. There are many
extensive reviews on the subject [12, 42–46], so we will only sketch the main
ingredients of these theories – first in their original form, and then considering
generalizations that have attracted some attention in the past few years.
2.1.1 “Bergmann-Wagoner” scalar-tensor theories
The most general action of scalar-tensor theory with one scalar field which is
at most quadratic in derivatives of the fields was studied by Bergmann and
Wagoner [47,48]. With an appropriate field redefinition, the so-called Jordan-
frame action for the theory can be cast in the form:
S =
1
16pi
∫
d4x
√−g
[
φR− ω(φ)
φ
gµν∂µφ∂νφ− U(φ)
]
+ SM [Ψ, gµν ] , (1)
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where ω and U are arbitrary functions of the scalar field φ, and SM is the
action of the matter fields Ψ . When ω(φ) = ωBD is constant and U(φ) = 0,
the theory reduces to (Jordan-Fierz-)Brans-Dicke gravity [8–10].
The Bergmann-Wagoner theory (1) can be expressed in a different form
through a scalar field redefinition ϕ = ϕ(φ) and a conformal transformation
of the metric gµν → g?µν = A−2(ϕ)gµν . In particular, fixing A(ϕ) = φ−1/2, the
action (1) transforms into the Einstein-frame action1
S =
1
16pi
∫
d4x
√−g? [R? − 2g?µν (∂µϕ) (∂νϕ)− V (ϕ)] + SM [Ψ,A2(ϕ)g?µν ] ,
(2)
where g? and R? are the determinant and Ricci scalar of g?µν , respectively,
and the potential V (ϕ) ≡ A4(ϕ)U(φ(ϕ)). In the Einstein frame the scalar
field is minimally coupled in the gravitational sector, but there is non-minimal
coupling in the matter sector of the action: particle masses and fundamental
constants depend on the scalar field.
The actions (1) and (2) are different representations of the same theory [50,
51], and the frame choice is often dictated by computational convenience: for
instance, in vacuum the Einstein-frame action (2) formally reduces to GR with
a minimally coupled scalar field. However, since the scalar field is minimally
coupled to matter in the Jordan frame, test particles follow geodesics of the
Jordan-frame metric.
Jordan-frame and Einstein-frame quantities are related by φ = A−2(ϕ),
3 + 2ω(φ) = α(ϕ)−2, where α(ϕ) ≡ d(lnA(ϕ))/dϕ. The theory is fixed by
choosing the function ω(φ) – or, equivalently, α(ϕ) – and the form of the
scalar potential. Neglecting the scalar potential corresponds to neglecting the
cosmological term, the mass of the scalar field and any possible scalar self-
interaction. In an asymptotically flat spacetime the scalar field tends to a
constant φ0 at spatial infinity, corresponding to a minimum of the potential.
Taylor expanding U(φ) around φ0 yields, to lowest orders, a cosmological con-
stant and a mass term for the scalar field [48,52].
Scalar-tensor theory with a vanishing scalar potential is characterized by
a single function α(ϕ). The expansion of this function around the asymptotic
value ϕ0 can be written in the form
α(ϕ) = α0 + β0(ϕ− ϕ0) + . . . (3)
1 A straightforward generalization consists of coupling gravity with more than one scalar
field. Then the action (1) has the more general form [12]
S =
1
16pi
∫
d4x
√−g
(
F (φ)R− γab(φ)gµν∂µφa∂νφb − V (φ)
)
+ SM [Ψ, gµν ] ,
where F, V are functions of the N scalar fields φa (a = 1 . . . N). The scalar fields live on
a manifold (sometimes called the target space) with metric γab(φ). This action is invariant
not only under space-time diffeomorphisms, but also under target-space diffeomorphisms,
i.e. scalar field redefinitions. The geometry of the target space can affect the dynamics and
the structure of compact objects [49].
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As mentioned above, the choice α(ϕ) = α0 = constant (i.e., ω(φ) = constant)
corresponds to Brans-Dicke theory. A more general formulation, proposed by
Damour and Esposito-Fare`se, is parametrized by α0 and β0 [13, 14]. Another
simple variant is massive Brans-Dicke theory, in which α(ϕ) is constant, but
the potential is non-vanishing and has the form U(φ) = 12U
′′(φ0)(φ− φ0)2, so
that the scalar field has a mass m2s ∼ U ′′(φ0).
In the Einstein frame, the field equations are
G?µν = 2
(
∂µϕ∂νϕ− 1
2
g?µν∂σϕ∂
σϕ
)
− 1
2
g?µνV (ϕ) + 8piT
?
µν , (4a)
g?ϕ = −4piα(ϕ)T ? + 1
4
dV
dϕ
, (4b)
where T ?µν is the Einstein-frame stress-energy tensor of matter fields and T
?
is its trace [12]. Equation (4b) shows that α(ϕ) determines the strength of the
coupling of the scalar field to matter [53].
Astrophysical observations set bounds on the parameter space of scalar-
tensor theories. In the case of Brans-Dicke theory, the best observational bound
(α0 < 3.5×10−3) comes from the Cassini measurement of the Shapiro time de-
lay. In the more general case with β0 6= 0, current constraints on (α0, β0) have
been obtained by observations of binary neutron star and neutron star-white
dwarf binary systems [54,55], as well as from observations of the Shapiro time
delay upon accounting for the cosmological evolution of the scalar field [17,18].
Observations of compact binary systems also constrain massive Brans-Dicke
theory, leading to exclusion regions in the (α0,ms) plane [52].
2.1.2 Horndeski gravity
The most general scalar-tensor theory with second-order field equations (and
one scalar field) is Horndeski gravity [56]. The action of Horndeski gravity can
be written in terms of Galileon interactions [57] as
S =
∫
d4x
√−g
{
K(φ,X)−G3(φ,X)φ
+G4(φ,X)R+G4,X(φ,X)
[
(φ)2 − (∇µ∇νφ)(∇µ∇νφ)
]
+G5(φ,X)Gµν∇µ∇νφ− G5,X(φ,X)
6
[
(φ)3 − 3φ(∇µ∇νφ)(∇µ∇νφ)
+ 2(∇µ∇νφ)(∇µ∇σφ)(∇ν∇σφ)
]}
,
(5)
where K and the Gi’s (i = 1 . . . 5) are functions of the scalar field φ and of its
kinetic term X = −(∂µφ∂µφ)/2, and Gi,X are derivatives of Gi with respect
to the kinetic term X. For a particular choice of these functions [58, 59] this
theory coincides with Gauss-Bonnet gravity, which will be discussed next.
It was recently understood that Horndeski gravity is a subclass of all higher-
order scalar-tensor theories that contain a single scalar mode. The crucial in-
gredient that singles out higher-order theories with a single scalar degree of
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freedom is the degeneracy of their Lagrangian, and now these theories are
commonly referred to as Degenerate Higher-Order Scalar-Tensor (DHOST)
theories [60, 61]. Theories similar to Horndeski gravity have also been con-
structed for vector (Proca) fields [62,63].
2.2 Einstein-dilaton Gauss-Bonnet Gravity
Einstein-dilaton Gauss-Bonnet (EdGB) gravity is a string-inspired theory that
acquires a quadratic-curvature correction to the Einstein-Hilbert action SEH.
Motivated from heterotic superstring theory, the action for EdGB gravity is
given by [64]
S = SEH + SEdGB + Sφ + Smat , (6)
where Smat is the matter action while SEdGB and Sφ are the quadratic-curvature
correction and the kinetic term for the scalar field φ, respectively, given by
SEdGB = αEdGB
∫
d4x
√−ge−γEdGBφR2GB , Sφ = −
1
2
∫
d4x
√−g∇µφ∇µφ .
(7)
Here g is the determinant of the metric, αEdGB and γEdGB are coupling constants
while
R2GB ≡ R2 − 4RµνRµν +RµνρσRµνρσ , (8)
with R, Rµν and Rµνρσ representing the Ricci scalar, Ricci tensor and Rie-
mann tensor, respectively. This specific combination of curvature quantities
ensures derivatives in the field equations to be at most of second order, but
the well-posedness of this theory is still an open question. We assume that the
scalar field is dimensionless in geometrical units, so αEdGB has units of length
squared, while γEdGB is dimensionless. For simplicity, we set the scalar field
potential to zero. Current constraints on αEdGB come from the orbital decay
rate of low-mass X-ray binaries with a black hole [65], the existence of stellar-
mass black holes [66] and the maximum mass of neutron stars [67]. Black hole
solutions have been constructed numerically for static configurations [68–70]
and rotating configurations [66, 71, 72] (see also [73] for approximate analytic
solutions for static black holes).
One can treat this theory as an effective field theory since we neglect terms
higher than cubic order in curvature – or terms of O(α2EdGB) – in the action.
Namely, one can assume that SEdGB is much smaller than SEH. This can be
done by perturbing the action about φ = 0 and retaining terms up to linear
order. Since R2GB can be written in a total derivative form upon variation of
the action, the leading term where R2GB does not couple to the scalar field does
not contribute to the field equations. Thus, we define the decoupled dynamical
Gauss-Bonnet (D2GB) gravity [24], where SEdGB is replaced with
SD2GB = αGB
∫
d4x
√−g φ R2GB . (9)
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This theory is shift-invariant, in the sense that the field equations are invariant
under a constant shift in the scalar field. In fact, this theory is a special case
of Horndeski gravity [58], the most generic class of scalar-tensor theories with
second-order field equations [56,57,74] as already explained in Sec. 2.1.2. More
specifically it falls within the class of shift-symmetric Horndeski theories, and
it is free of Ostrogradski ghosts [75]. The well-posedness of the theory is still
an open question: Papallo [76] proved that D2GB gravity fails to be strongly
hyperbolic in any generalized harmonic gauge. Black hole solutions in D2GB
gravity have been constructed analytically for non-rotating configurations [20,
77–79] and slowly rotating ones [80–82].
Deriving (monopole) scalar charges, also known as “sensitivities” [83], is
crucial to understanding the emission of scalar radiation. One can extract such
scalar charges by studying the asymptotic behavior of the scalar field at spatial
infinity. So far, scalar charges have only been discussed in D2GB gravity (but
see [24] for approximate calculations of stellar scalar charges in EdGB gravity).
Scalar charges for black holes were extracted for nonrotating configurations [23,
79] and one can easily extract charges for slowly rotating black holes: see
e.g. [81]. In Appendix A, we derive the scalar charge for black holes with
arbitrary rotation. The final expression was shown in [36], but the details
of the derivation (together with the quadrupole scalar charge expression) are
presented here for the first time. On the other hand, scalar charges for ordinary
stars vanish [23,24]. This can be shown by integrating the scalar field equation
φ = −αGB R2GB (10)
over the entire spacetime. The left-hand side gives the scalar charge, while
the right-hand side generates a topological term and boundary terms after
applying the generalized Gauss-Bonnet-Chern theorem [84, 85]. Both of these
vanish for simply connected, stationary spacetimes (i.e., for stars). This means
that when a star collapses to a black hole, it suddenly acquires a scalar charge
in a nontrivial manner: this is the opposite of what happens in scalar-tensor
theories, where stars lose their scalar charge during collapse to a black hole.
Such a nontrivial process was confirmed numerically under an Oppenheimer-
Snyder collapse for nonrotating configurations [86] (see also [87] for related
work). One can in fact show that scalar charges for stars vanish more in general
for shift-symmetric Horndeski theories [88–90], which include D2GB gravity as
a special class. This argument fails in the absence of shift symmetry [91–94].
2.3 Dynamical Chern-Simons Gravity
Dynamical Chern-Simons (dCS) gravity is an effective field theory model that
modifies the Einstein-Hilbert action through a quadratic-curvature correc-
tion [3]. Motivated from the Green-Schwarz anomaly-canceling mechanism in
field theory and its higher-dimensional generalization in string theory [2], as
well as from loop quantum gravity upon scalarization of the Barbero-Immirzi
Extreme Gravity Tests with GWs from Compact Binaries: (I) Inspiral-Merger 9
parameter [95, 96] and from effective field theories of inflation [97], the dCS
action is
S = SEH + SdCS + Sφ + Smat , (11)
where Smat is the matter action, while SdCS and Sφ are a quadratic-curvature
interaction term and the kinetic term for the scalar field φ respectively, namely
SdCS = αdCS
∫
d4x
√−g f(φ) ∗RR , Sφ = −1
2
∫
d4x
√−g ∇µφ ∇µφ . (12)
Here αdCS is a coupling constant and
∗RR ≡ ∗RµνρσRνµρσ (13)
is the Pontryagin density, with
∗Rµνρσ ≡ 1
2
ρσ
αβRµναβ (14)
the dual Riemann tensor. We assume here that the scalar field is dimensionless
in geometrical units, which forces αdCS to have units of length squared. For
simplicity, we assume we can Taylor expand f(φ) = φ to leading non-vanishing
order. The constant term in the Taylor expansion does not contribute, because
the Pontryagin density is a topological invariant, i.e. its integral over the man-
ifold is the Pontryagin number, which is related to the manifold’s winding
number. This means that the Pontryagin density can be written as the four-
divergence of a four-current, which becomes a boundary term upon integration
by parts and does not contribute to the field equations. The resulting theory
with f(φ) = φ is then naturally shift-invariant, and in order to preserve this
symmetry one typically sets the scalar field potential to zero.
The dCS field equations can be obtained by varying the action with respect
to the metric and the scalar field. The resulting field equations, however, must
be understood as effective, given that they arise from an effective action. In
particular, this means that SdCS must be much smaller than SEH during any
process considered; if this were not the case, then higher-order curvature terms
would have to be included in the action, which would then modify the field
equations upon variation. As an effective field theory, it is trivial to prove
that dCS gravity is well-posed [98]. If one insists in treating the theory as
exact, however, the appearance of third-order time derivatives in the field
equations probably renders this exact version ill-posed [98]. Spinning black
hole solutions in dCS gravity have been found analytically for slowly rotating
black holes [19, 99, 100] and for black holes in the extremal limit [101, 102],
both sets of which differ from the Kerr metric family. Non-spinning black
holes, and in fact, any static and spherically symmetric matter configuration
have zero dCS modification because the Pontryagin density vanishes identi-
cally [103–105]. Current constraints on αdCS come from Solar System and table
top experiments, but they are extremely weak due to the weak fields in the
Solar System [100,106].
10 Emanuele Berti et al.
Just as in the case of EdGB gravity, the calculation of (monopole) scalar
charges (or sensitivities) is also crucial here to understand the emission of
scalar radiation. The asymptotic behavior of the scalar field at spatial infinity
has revealed that black holes have a rather large scalar charge [19,100], while
the scalar charge of neutron stars is greatly suppressed [23,107]; the derivation
of the latter result follows closely the explanation in EdGB gravity presented
in the previous section. As in the EdGB case, this means that stars have a
tiny scalar field, but this grows upon gravitational collapse, until the charge
asymptotes that of isolated black holes.
2.4 Lorentz-violating Gravity
Lorentz symmetry is one of the fundamental building blocks of GR. Some
modified theories of gravity break this symmetry in order to provide a power-
counting renormalizable completion of GR in the ultra-violet regime, as pro-
posed by Horˇava [108] (see [109] for a recent review). Lorentz symmetry break-
ing in the matter sector has been constrained very stringently from, e.g., par-
ticle physics experiments [110–113]. A model-independent framework called
the Standard Model Extension (SME) [114–116] was developed to map vari-
ous observations to bounds on Lorentz symmetry breaking. This framework is
efficient to probe such a breakage in the matter sector [111] or in the sector
where matter directly couples with gravity [117]. On the other hand, Lorentz
symmetry breaking in the gravity sector has not been well constrained, and
different mechanisms exist to prevent the breakage in the matter sector to
percolate into the gravity sector (see e.g. [118, 119]). Bounds on gravitational
Lorentz symmetry within the SME context can be found in [120–122].
One example of Lorentz-violating gravity is Einstein-Æther (EA) theory [123,
124], which breaks the gravitational Lorentz symmetry by introducing a pre-
ferred time direction at each point in spacetime via a timelike unit vector Uµ.
One can consider this theory as a low-energy effective theory of some unknown
dynamics at high energy [125]. This theory is the most general vector-tensor
model whose action only depends on a unit timelike vector field (Æther field)
and its first derivative, and is quadratic in the latter. Such an action is given
by S = SEH + SÆ, where
SÆ = − κ
GÆ
∫
d4x
√−gMαβµν ∇αUµ∇βUν (15)
and
Mαβµν = c1g
αβgµν + c2δ
α
µδ
β
ν + c3δ
α
ν δ
β
µ + c4U
αUβgµν . (16)
Here κ ≡ 1/16pi, GÆ is the bare gravitational constant in the theory, while ci
(i = 1...4) are coupling constants. Solar System experiments essentially reduce
the parameter space from four to two, c± = c1 ± c3 [124]. These remaining
parameters have been constrained from binary pulsar observations [126, 127]
and from the recent coincident GW and electromagnetic observation of merg-
ing neutron stars [128]. The binary pulsar bounds are derived by calculating
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the sensitivities of neutron stars, which are obtained by constructing a slowly
moving neutron star solutions with respect to the Æther field (black hole sen-
sitivities have not been calculated yet). The gravitational wave bounds come
from the speed of the propagating degrees of freedom in EA theory, the two
tensor modes, the two vector modes and the one scalar mode [129–132]. Ten-
sor, vector and scalar modes propagate at speeds wÆ2 , w
Æ
1 and w
Æ
0 respectively,
which can be expressed in terms of the coupling constants, as summarized in
Table 1. Here, we defined c14 ≡ c1 + c4 and c123 ≡ c1 + c2 + c3.
Theory mode propagation speed
Einstein-Æther
tensor wÆ2 =
1
1−c+
vector wÆ1 =
2c1−c+c−
2(1−c+)c14
scalar wÆ0 =
(2−c14)c123
(2+3c2+c+)(1−c+)c14
khronometric
tensor wKG2 =
1
1−β
scalar wKG0 =
(2−α)(β+λ)
(2+3λ+β)(1−β)α
Table 1 Propagation speed of tensor, vector and scalar modes in EA and khronometric
theory. Vector modes are absent in the latter.
Another example of Lorentz-violating gravity that is related to EA theory
is khronometric gravity [133]. This theory corresponds to the low-energy limit
of Horˇava gravity. The action is the same as the EA case, but now the Æther
field is hypersurface orthogonal. In other words, this theory introduces a pre-
ferred time foliation of spacetime (or a global preferred time) and the Æther
field is normal to the hypersurface of constant preferred time. This reduces
the number of coupling constants from four to three: λKG = c2, βKG = c1 + c3
and αKG = c1 + c4. Imposing the Solar System bounds essentially eliminates
αKG. One can further constrain the remaining parameters from binary pul-
sar [126,127], Big Bang nucleosynthesis [134] and gravitational-wave [128,135]
observations. Regarding the propagation degrees of freedom in khronometric
gravity, there are two tensor modes and one scalar mode [136], whose speeds
are given by wKG2 and w
KG
0 , respectively. Their explicit forms are also summa-
rized in Table 1.
2.5 Extra Dimensional Theories
String theory predicts that we live in a higher-dimensional spacetime, and
extra dimensions are compactified. One simple example of such a compact-
ification is the Kaluza-Klein compactification. Particle physics experiments
place bounds on the size ` of the extra dimension: ` < 1016cm. Arkani-Hamed,
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Dimopoulos and Dvali (ADD) [137, 138] proposed a braneworld model with
a tensionless brane (on which we live) embedded in a flat and compact bulk
spacetime. In the ADD model matter is localized on the brane, so that only
gravitons can propagate through the bulk. The size of the extra dimensions
can be relatively large in this model, since bounds on the gravity sector are
much weaker than those on the matter sector. Furthermore, this model can
naturally explain the hierarchy problem between the electroweak and Planck
scale.
Another braneworld model was proposed by Randall and Sundrum. The
first model (RS-I) [39] introduces one positive-tension and one negative-tension
brane in a five-dimensional anti-de Sitter (AdS) bulk spacetime. With this
model, one can choose the separation of two branes such that the fundamental
five-dimensional Planck mass is ∼ `−1 ∼ 1TeV, while the four-dimensional
Planck mass becomes 1019GeV. In their second model (RS-II) [40], they take
the negative-tension brane to infinity, thus the model effectively includes only
one brane. The remarkable feature of this model is that Newtonian gravity is
reproduced in the low-energy limit [139] even if the size of the extra dimension
is relatively large. Table-top experiments place the bound ` < 14µm [140].
Since the bulk of the RS-II model is AdS, one can apply the AdS/CFT
conjecture [141,142], which states that the four-dimensionalN = 4 U(N) super
Yang-Mills theory on the AdS boundary can be recovered from gravity in the
AdS5 × S5 spacetime. In particular, one can apply this conjecture to brane-
localized black holes. In the CFT picture, due to the large number of CFT
degrees of freedom [142], four-dimensional black holes on the brane evaporate
significantly faster than in GR. In the AdS picture, this is seen as classical
evaporation of a black hole of mass M [143,144], with evaporation rate given
by [145]
dM
dt
= −2.8× 10−7
(
1M
M
)2(
`
10µm
)2
M
yr
. (17)
Later, static brane-localized black hole solutions were found numerically [146,
147], which questions the validity of this conjecture. Nevertheless, we consider
placing bounds on ` assuming that the conjecture is correct. This is because
one can easily map this mass loss effect of black holes in the RS-II model to
a similar effect due to (e.g.) phantom energy accretion in GR [148–150]. In
terms of GWs, a change in the black hole mass is similar to a change in the
gravitational constant G [151], which is predicted in many modified theories
of gravity.
3 Inspiral Tests of Modified Gravity
3.1 Generic Tests
The plethora of modified gravity models that have been proposed and the
extreme difficulty in constructing sufficiently accurate GW models for data
analysis suggests that theories ought not to be treated on a case-by-case basis.
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Indeed, it took the gravity theory community approximately 50 years to obtain
a sufficiently accurate (third post-Newtonian (PN) order) model of the GWs
emitted in the inspiral of compact binaries in GR. Instead of carrying out
similar calculations on a theory-by-theory basis, it is much more appealing to
develop generic tests of Einstein’s theory given the available data. Indeed, a
similar approach was successfully pursued when carrying out tests with Solar
System observations, which led to the development of the parameterized PN
framework of Will and Nordtvedt [152–155].
The first attempt at such a generic test consisted of verifying the PN
structure of the waveform phase [156]. The idea was to decompose the Fourier-
domain waveform model into a frequency-dependent amplitude and a frequency-
dependent phase, and to then rewrite the phase as2
Ψ(f) =
n=7∑
n=0
αnv(f)
−5+n , (18)
where αn are PN coefficients, which in GR are known functions of the param-
eters of the binary (to be more precise , the individual masses m1 and m2 for
non-spinning black hole binaries), and v(f) = (pimf)1/3 is the orbital velocity,
with m the binary’s total mass. The proposal was then to treat all of these
coefficients as independent and find the best-fit values by comparing the above
template waveform with the data. One can then draw error regions of each
coefficient in the m1-m2 plane assuming GR is correct to check for consistency,
namely to check if there is a region where all of error regions overlap. Later
the authors only considered three out of eight coefficients, so that correlations
among parameters could be reduced and one could carry out a stronger test by
shrinking the error regions [157, 158]. This procedure resembles binary pulsar
tests in the parameterized post-Keplerian formalism [7,159].
Although feasible in principle, the above test has a few limitations. First,
it has the strong bias of assuming Nature follows the same exact functional
structure of the PN approximation in GR, i.e. that the Fourier phase can
be expressed as a series in integer powers of velocity, with the leading-order
term starting at v−5. Indeed, many examples of modified gravity effects and
modified gravity theories exist which do not admit this structure; examples of
this include dipole emission (∝ v−7), variability of the fundamental constants
(∝ v−13), parity violation in eccentric binaries (∝ v−7.3), and massive gravi-
tons in eccentric binaries (∝ v−9.3), to name a few. Second, the framework
does not allow for tests of modified gravity theories that lead predominantly
to amplitude modifications, without affecting the phase evolution much; exam-
ples of this include gravitational birefringence [160–162]. Third, the framework
assumes that polynomials in velocity are a good basis to expand the Fourier
phase during the entire inspiral, including right up to plunge and merger. To-
2 The terms α5 and α6 contain contributions that depend on ln v, which the authors treat
as constant in [156]. In their follow-up papers [157, 158], they modified Eq. (18) by adding
further terms of the form
∑
k αn,l ln v.
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day, we know that this is not the case, with the series requiring arctangent
corrections [163,164].
An extension and generalization of this method that resolves all of the
above problems is the parameterized post-Einsteinian (ppE) approach [165].
In this framework, one extends the GR waveform model via
h˜(f) = A˜GR(f) [1 + αppE v(f)
a] eiΨGR(f)+iβppE v(f)
b
, (19)
where A˜GR(f) and ΨGR(f) are the Fourier amplitude and Fourier phase in
the most accurate GR model developed at that stage in time. The quantities
(αppE, βppE) are ppE constants that control the magnitude of deviations from
GR, while (a, b) are real numbers that determine the type of deviation that
is being constrained. This parameterization resolves the issues listed above
because (i) it allows for deformations from GR that enter at pre-Newtonian
order, i.e. in negative powers of velocity relative to the leading-order PN term
in GR, (ii) it allows for both amplitude and phase deformations, and (iii) it
allows the deformation of the most sophisticated waveform model in GR, such
that when the ppE parameters are zero, one recovers exactly the most accurate
model. Different variants of this approximation have been and can be used,
with for example different scalings in the ppE terms, working entirely in the
time domain, or working with multiple amplitude and phase ppE parameters
at the same time [166–169].
The idea of the ppE framework is then to use the above model and let
the data decide (the posteriors for) the magnitude of the ppE parameters
(αppE, βppE) for whatever choice of (a, b) modification one wishes to study.
Once these posteriors have been constructed, one can then map them to pos-
teriors on coupling parameters of specific theories. This mapping step is crucial
because it is what allows us to draw inferences on different specific aspects of
theoretical physics from the observations, as done recently with the first GW
observations [36]. This step, of course, requires that one first calculate pre-
dictions for the GWs emitted by compact binaries in specific theories. These
predictions have been obtained in many theories, as we detail in the next sub-
section. The ppE parameterization also relaxes the a priori assumption that
GR is correct, allowing the data itself to select the theory that best supports
it, thus minimizing what has been dubbed as theoretical bias [165,170]. Fortu-
nately, all GW observations to date seem consistent with GR, implying that
theoretical bias is not a problem right now.
Inferences drawn from constraints on ppE parameters can be classified into
two classes, depending on the sector of the theory they constrain: generation
and propagation. The generation sector deals with the way the particular the-
ory sources GWs, and any additional degree of freedom, and how these evolve
in time and back-react on the evolution of the binary system. The propagation
sector deals with how the waves travel away from the binary system to Earth,
according to the wave’s dispersion relation. One can, of course, devise more
generic parameterizations that account for more exotic phenomena during the
generation and propagation of GWs. For example, one could imagine that
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an additional massive degree of freedom is present in the theory, leading to
modifications to the dynamics only once the binary radiates at the Compton
wavelength of the new degree of freedom. This would lead to a sharp turn-on
and turn-off of GR modifications that are not captured by the parameteri-
zation above. However, data analysis investigations have revealed that even
if Nature were that cruel, the ppE parameterization presented above would
still be able to detect an anomaly in the signal, although in a suboptimal
way [169]. Similarly, one could imagine that in a yet-to-be-discovered mod-
ified theory GWs propagate differently depending on the direction in which
they travel [171]. Such a direction-dependent dispersion relation would not fit
perfectly within the ppE parameterization, but a signal of that type can be
recovered with the simplest ppE model written above, although sub-optimally.
A recent idea has been put forth to draw generation-type inferences on
the nature of the black holes that generate GWs in a binary. The idea is to
allow for the quadrupole moment of each black hole in a binary to be a new
parameter in the waveform model, and then to check whether the measured
parameter agrees with the GR expectation per the no-hair theorems [172]. A
generic quadrupole in the waveform will introduce a second PN order correc-
tion to the GW phase, which thus maps in a one-to-one fashion to the ppE
parameterization described above. This correction, however, will be degenerate
with the spins of the black holes, so unless these can be separately extracted,
it would be difficult to implement this test. The independent extraction of the
spins can be achieved if the signal and the waveform model include spin-orbit
and spin-spin precession effects, which induce amplitude modulations that can
in principle break this degeneracy [173–176].
More in general, the binary dynamics of hypothetical black hole alterna-
tives in binary systems is driven by their so-called tidal Love numbers. Tidal
Love numbers encode the deformability of a self-gravitating object immersed
in a tidal environment, and they depend both on the object’s internal structure
and on the dynamics of the gravitational field. In classical general relativity,
the tidal Love numbers of black holes are exactly zero. Recent work computed
the tidal Love numbers of various exotic compact objects, including boson
stars, gravastars and wormholes, as well as black holes in various theories
of modified gravity (Einstein-Maxwell, Brans-Dicke and Chern-Simons grav-
ity) [177]. In general, these calculations showed that the tidal Love numbers
of exotic objects depend logarithmically on the location of the putative “sur-
face” replacing the black hole’s horizon. LIGO-like detectors, third-generation
Earth-based detectors and LISA can impose interesting constraints on the
tidal Love numbers of boson stars, while a LISA-like detector could probe
even extremely compact objects [178], as long as systematic errors in general
relativity are under control.
16 Emanuele Berti et al.
Theory βppE b
scalar-tensor [36,179,180] − 5
1792
φ˙2η2/5
(
m1sST1 −m2sST2
)2 −7
EdGB, D2GB [23] − 5
7168
ζGB
(m21s
GB
2 −m22sGB1 )
2
m4η18/5
−7
dCS [181] 1549225
11812864
ζCS
η14/5
[(
1− 231808
61969
η
)
χ2s +
(
1− 16068
61969
η
)
χ2a − 2δmχsχa
] −1
EA [182] − 3
128
[(
1− c14
2
)(
1
wÆ2
+
2c14c
2
+
(c++c−−c−c+)2wÆ1
+ 3c14
2wÆ0 (2−c14)
)
− 1
]
−5
khronometric [182] − 3
128
[
(1− βKG)
(
1
wKG2
3βKG
2wKG0 (1−βKG)
)
− 1
]
−5
extra dimension [183] 25
851968
(
dm
dt
)
3−26η+34η2
η2/5(1−2η) −13
varying G [151] − 25
65536
G˙M −13
mod. disp. rel. [184] pi
2−αMDR
(1−αMDR)
DαMDR
λ
2−αMDR
A
M1−αMDR
(1+z)1−αMDR 3(αMDR − 1)
Table 2 Mapping of ppE parameters to those in each theory for a black hole binary. In
scalar-tensor theories, black holes acquires a scalar charge for a cosmologically evolving
scalar field [179,180]. Such a scalar charge is proportional to sSTA ≡ [1 + (1−χ2A)1/2]/2. sGBA
is related to the black hole scalar charge µ in D2GB in Eq. (37) as µGBA = 2(αGB/m
2
A)s
GB
A .
The dimensionless coupling constant in quadratic-curvature theories is defined by ζGB,CS =
16piα2GB,CS/m
4. Propagation speeds wÆ,KGi in Lorentz-violating theories are summarized
in Table 1. dm/dt = dm1/dt + dm2/dt can be calculated from Eq. (17). λA ≡ hA1/(α−2),
where h is the Planck constant. The distance DαMDR is defined in Eq. (22).
3.2 Mapping to Specific Theories
The mapping between the ppE parameters and the coupling constants in var-
ious modified theories of gravity is summarized in Table 2. Since matched
filtering data analysis is more sensitive to deviations in the waveform phase
than the amplitude, we only show the mapping for the phase. The mapping
in the table corresponds to GWs from black hole binaries with component
masses mA and dimensionless spins χA (A = 1, 2). We also introduce the total
mass m = m1 + m2, symmetric mass ratio η = m1m2/m
2 and chirp mass
M = mη3/5, as well as two (symmetric and antisymmetric) spin parameters
χs = (χ1 + χ2)/2 and χa = (χ1 − χ2)/2.
Of all the theories considered in the inspiral of compact objects, scalar-
tensor theories are by far the most well-studied. Pioneering studies of compact
binaries in scalar-tensor theory were carried out by Eardley [185], Will and
Zaglauer [83, 186] and Damour and Esposito-Fare`se [12, 14, 187], among oth-
ers. More recently, the post-Minkowskian technique of direct integration of the
relaxed Einstein equations (DIRE) [188–190] was used to compute the equa-
tions of motion for a system of compact objects at 2.5PN order, as well as the
gravitational waveform and energy flux at 2PN (relative) order for binaries on
generic orbits [191–193]. Sennett et al. [194] specialized the results of [191–193]
to non-spinning binary systems on quasi-circular orbits in scalar-tensor gravity
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at 2PN relative order3. Such waveforms introduce PN corrections to the map-
ping presented in Table 2. Julie´ and Deruelle [195,196] use these higher order
PN results to begin to extend the effective-one-body (EOB) formalism of Buo-
nanno and Damour [197] to scalar-tensor gravity. Such resummed waveform
models cannot be analytically mapped to the ppE waveforms directly.
Theory A αMDR
massive gravity [198–201] m2g 0
multifractional spacetime [202–205]
2
3−αMDRE
2−αMDR∗ (timelike spacetime)
2–3
− 2·31−αMDR/2
3−αMDR E
2−αMDR∗ (spacelike spacetime)
double Special Relativity [206–209] ηdsrt 3
extra dimension [210] −αedt 4
SME [211]
−2˚k(d)
(I)
(even d ≥ 4)
d− 2
±2˚k(d)
(V )
(odd d ≥ 5)
Horˇava [108,136,212,213] κ4hlµ
2
hl/16 4
Table 3 Mapping between modified dispersion relation parameters for the graviton in
Eq. (20) and the parameters of each theory. The meaning of the parameters is as follows.
mg : the graviton mass; E∗: the characteristic length scale above which spacetime is discrete;
ηdsrt: the characteristic observer-independent length scale; αedt: the square of the Planck
length in extra dimensional theories; k˚
(d)
(I)
and k˚
(d)
(V )
: parameters controlling the Lorentz-
violation operators in SME in the rotation-invariant limit; κhl: a parameter related to the
bare gravitational constant; µhl: a parameter related to the deformation in the “detailed
balance” conditions in Horˇava gravity.
All the mappings in Table 2 (except for the last one) originate from non-GR
effects created at the level of generation of GWs, while such waves in general
acquire modifications also at the level of their propagation. The dispersion
relation of the graviton in non-GR theories can be expressed in terms of two
parameters A and αMDR as [184]
E2 = (pc)
2
+ A (pc)αMDR . (20)
We present the mapping between these two parameters and coupling constants
in each modified theory of gravity in Table 3. From the above dispersion rela-
tion, one finds the group velocity of the graviton
vg
c
=
1
c
dω
dk
= 1 +
(αMDR − 1)
2
AEαMDR−2 . (21)
3 By imposing the stringent constraints set by current astrophysical observations (cf. Table
II of [194]), they find that dipolar radiation is subdominant to quadrupolar radiation for
most prospective GW sources: in the absence of spontaneous scalarization, the dipole term
can dominate only at frequencies f . 100 µHz in binary neutron star or neutron-star/stellar-
mass-black-hole systems, and at frequencies f . 5 µHz in neutron-star/intermediate-mass-
black-hole systems. Therefore, ground- and space-based GW detectors would only observe
binary systems whose inspiral is driven by the next-to-leading order flux.
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The ppE parameters βppE and b with the modified dispersion relation of the
graviton in Eq. (20) are given by the last line in Table 2. Here, the distance
parameter DαMDR is defined by [184]
DαMDR =
z
H0
√
ΩM +ΩΛ
[
1− z
4
(
3ΩM
ΩM +ΩΛ
+ 2αMDR
)
+O(z2)
]
, (22)
where H0 is the local Hubble parameter, z represents the redshift, and ΩM
and ΩΛ are the energy density of dark matter and dark energy, respectively.
3.3 Current and Future Tests
3.3.1 Current Tests
The LIGO/Virgo Collaboration (LVC) used the observed data to perform var-
ious model-independent tests of gravity in the extreme field regime [214]. The
first test that they performed was to estimate the residual signal-to-noise ratio
between the GW150914 data and the GR waveform template. They concluded
that GR violations in GW150914 that cannot be absorbed into a redefinition
of binary parameters have been constrained to less than 4%. The second test
was to check the consistency in the measurement of the final black hole mass
and spin using the inspiral and post-inspiral data. The third test was to look
for non-tensorial polarization modes. The presence of such polarization modes
was inconclusive for the first three events due to the near-alignment of the
two aLIGO detectors. Since Virgo also detected signals for the fourth event
GW170814 [32], the LVC could carry out a meaningful test of GR with GW
polarizations for the first time. They concluded that the data favors purely
tensor polarizations over purely scalar (vector) polarizations with a Bayes
factor larger than 1000 (200), respectively. The fourth test was to constrain
deviations in the waveform phase away from GR at each PN order.
The last test mentioned in the previous paragraph can easily be mapped
to a test with ppE waveforms. Green crosses in Fig. 1 show the GW150914
bound on βppE at each PN order that is obtained by mapping the results in [214]
to ppE parameters. These results constrain non-GR corrections arising from
GW generation mechanisms, as the non-GR corrections are introduced only in
the inspiral part of the waveform. For the merger-ringdown phase, one needs
to carry out more merger simulations in non-GR theories to construct valid
parameterized waveforms. Observe that bounds on βppE with GW150914 are
much stronger than those from the orbital decay rate of the double binary pul-
sar J0737-3039 [216] for positive PN corrections. This is because such positive
PN corrections become larger in the stronger field regime, precisely where GW
observations are most probing. The cyan star indicates the bound on βppE at
1PN order obtained from Solar System experiments. Although such a bound
is stronger than the GW bound, these two bounds have a different meaning:
the former probes weak, non-dynamical gravity, while the latter probes the
strong and dynamical regime.
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Fig. 1 [Adapted from [36].] 90%-confidence constraints on the ppE parameter |βppE| en-
tering at nth PN order. The green crosses represent the bounds reported in [214,215] using
a Bayesian analysis of event GW150914. The red (blue) dots and line represent bounds from
GW150914 (GW151226) estimated using a Fisher analysis. The dashed black line and the
cyan star corresponds to bounds from binary pulsar observations [216] and Solar System
experiments [217]. Observe that the GW bounds are stronger than binary pulsar bounds on
βppE entering at a positive PN order.
Reference [36] extended this result by deriving GW bounds also for nega-
tive PN corrections4. Instead of carrying out a full Bayesian analysis using the
actual data, the authors carried out a simpler calculation using a Fisher analy-
sis. They injected a GR waveform whose parameters are consistent with those
reported in [215], and recovered them with ppE templates. Bounds on βppE for
both positive and negative PN corrections with this method for GW150914
are shown by the red curve and circles. Observe first that the bounds on
the positive PN corrections agree nicely with those obtained in [214]. Such an
agreement demonstrates the validity of using a Fisher analysis and a GR wave-
form for injection. Observe also that bounds for negative PN corrections are
much weaker than the binary pulsar bounds. A stronger bound on βppE does
not necessarily mean a stronger bound on a specific modified theory of gravity.
This is because βppE depends not only on theoretical coupling constants, but
also on binary parameters like masses and spins. Moreover, there are theories
like D2GB gravity where non-GR corrections from neutron star binaries are
highly suppressed, and thus one needs to use observations from binaries with at
least one black hole to constrain the theories more efficiently. The blue dashed
curve and triangles present bounds from GW151226. The bounds are stronger
than GW150914, especially for negative PN corrections. This is because the
masses of GW151226 are smaller than those of GW150914, which means that
the velocity of binary components are smaller at a fixed frequency, making the
corrections larger at negative PN orders.
4 The LVC derived bounds on the −1PN term with GW170814 [32].
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Theory GR Pillar PN Repr. Parameters GW150914 Other Bounds
EdGB, D2GB
SEP −1
√|αEdGB| [km] — 107 [218], 2 [65,66,68]
scalar-tensor |φ˙| [1/sec] — 10−6 [180]
dCS SEP, PI +2
√|αCS| [km] — 108 [100,106]
Einstein-Æther
SEP, LI 0
(c+, c−) (0.9,2.1) (0.03, 0.003) [126,127]
khronometric (βKG, λKG) (0.42,−) (0.005, 0.1) [126,127]
Extra Dimensions 4D −4 ` [µm] 8.6× 109 10–103 [140,219–222]
Time-Varying G SEP −4 |G˙| [10−12/yr] 5.4× 1018 0.1–1 [223–227]
Massive graviton mg = 0 +1 mg [eV] 10−22 [214] 10−29–10−18 [228–232]
Multifractional LI +4.75
E−1∗ [eV−1] (time) 5.8× 10−27 —
E−1∗ [eV−1] (space) 1.0× 10−26 3.9× 10−53 [233]
double Special Rel. LI +5.5
ηdsrt/LPl > 0
1.3× 1022 —
ηdsrt/LPl < 0 2.1× 10−7 [233]
Extra Dimensions 4D +7
αedt/L
2
Pl > 0 5.5× 1062 2.7× 10
2 [233]
αedt/L
2
Pl < 0 —
Stand. Model Ext. LI
+4
k˚
(4)
(I)
> 0 — 6.1× 10−17 [117,233]
k˚
(4)
(I)
< 0 0.64 —
+5.5
k˚
(5)
(V )
> 0 [cm]
1.7× 10−12 [211] 1.7× 10
−40 [117,233]
k˚
(5)
(V )
< 0 [cm] —
+7
k˚
(6)
(I)
> 0 [cm2]
7.2× 10−4 3.5× 10
−64 [117,233]
k˚
(6)
(I)
< 0 [cm2] —
Horˇava-Lifshitz LI +7 κ4hlµ
2
hl [1/eV
2] 1.5× 106 —
Einstein-Æther LI +4 c+ 0.7 [234] 0.03 [126,127]
Table 4 Various bounds on example theories that violate certain fundamental pillars in
GR. The meaning of each column is as follows. 1st: names of modified theories of gravity;
2nd: GR fundamental pillars that each theory break; 3rd: the leading PN order in the
gravitational waveform at which the non-GR effect enters; 4th: representative parameters
in each theory; 5th: bounds on each non-GR parameter from GW150914 derived mostly
in [36]; 6th: other bounds on each theory. Theories in the top (bottom) half of the table
modifies the waveform at the level of generation (propagation). One finds similar bounds
from GW151226 [36]. This table is taken and edited from [36].
Although Fig. 1 is useful as the bounds presented are model independent,
it is unclear what fundamental pillars of GR we are testing. Reference [36] ad-
dressed such a question by mapping the bound on βppE to that on each example
non-GR theory that violates certain fundamental aspects of GR, such as the
strong equivalence principle (SEP), Lorentz invariance (LI), parity invariance
(PI), 4 dimensional spacetime (4D) and a massless graviton (mg = 0). The
first half of Table 4 summarizes the results by presenting GW150914 bounds
on each theory that are mapped from Fig. 1, together with other bounds from
(e.g.) Solar System experiments or binary pulsar observations. We also list
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the fundamental pillars of GR violated by each theory, and the PN order at
which dominant corrections appear. Observe first that we do not show any
GW150914 bounds on the first three theories. This is because the bounds are
so weak that they violate the small-coupling approximation used to derive
corrections to the waveform. On the other hand, one can place meaningful
constraints on the other four theories considered that break SEP, LI or the
assumption of a four-dimensional spacetime. Although these GW bounds are
much weaker than other existing bounds, they are the first bounds obtained
in the extreme gravity regime. The potential of GW observations in probing
GR is currently limited by the lack of our knowledge of non-GR effects in the
merger-ringdown regime.
One can carry out a similar test for corrections generated at the level
of GW propagation. For such a case, one can include corrections not only
in the inspiral phase, but also in the merger-ringdown part of the waveform.
GW150914 bounds on the mass of the graviton, which are three times stronger
than Solar System bounds [228], were obtained in this way [214]. The second
half of Table 4 summarizes bounds on each example theory that modifies the
dispersion relation of the graviton. Unlike bounds on GW generation, those on
GW propagation are complementary to cosmic ray bounds obtained from the
absence of the gravitational Cherenkov radiation [233]. In other words, some
of the parameter space in each theory has been constrained for the first time
using GW150914. Some theories (like EA theory) are difficult to constrain from
deviations in the waveform phase due to degeneracies with other parameters,
like the time of coalescence. Thus the bound on such a theory in the last line
of Table 4 is obtained from bounds on the propagation speed of GWs due to
the arrival time difference between the Hanford and Livingston detectors [234]
(see also [235]).
Observed GW events were used to constrain other modified theories of
gravity, such as non-commutative spacetime [236]. These events were also used
to constrain graviton oscillations in bigravity [237], a phenomenon similar to
neutrino oscillations, first proposed in [238].
Very recently, the LVC detected yet another GW signal, that is consistent
with the source being a binary neutron star merger (GW170817) [33]. Unlike
the binary black hole events, where confirmed electromagnetic wave counter-
parts were absent, GW170817-associated counterpart signals were detected by
gamma-rays, X-rays, ultraviolet, optical, infrared and radio waves [239]. This
historic observation marks the dawn of the era of the multi-messenger as-
tronomy. Thanks to the simultaneous detection of GWs and electromagnetic
waves, the LVC carried out new tests of GR [128] (see also [240–243]). For
example, they measured the propagation speed of GWs vg from the arrival
time difference between GWs and gamma-rays. Conservatively assuming that
photons were emitted within 10 seconds compared to the graviton’s emission
time, they obtained the bound −3× 10−15 < (vg − c)/c < 7× 10−16 [128]. As
pointed out e.g. in [244,245], this rules out many models in modified theories
of gravity that aim to explain the current accelerating expansion of the Uni-
verse, including the quartic, quintic and covariant Galileons [246–250]. The
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observations constrain the parameter c+ in Einstein-Æther theory and βKG in
khronometric gravity to be of order O(10−15) [36, 182, 249], improving over
previous bounds by roughly 13 orders of magnitude. Such a bound on the
propagation speed of the graviton can be used to probe gravitational Lorentz
violation through the SME [211]. The LVC placed bounds on gravitational
SME parameters which are generally a few to 10 times more stringent than
previous bounds [128]. GW170817 also probes violations of the equivalence
principle. This was done by testing whether gravitons and photons feel the
same gravitational potential as they propagate. The difference between the
graviton’s and photon’s parameterized PN parameter (γg and γp respectively)
was bounded as −2.6 × 10−7 < γg − γp < 1.2 × 10−6 [128] via Shapiro de-
lay measurements. GW170817 has been used to set stringent constraints on
the Vainshtein mechanism [251–253] and on several modifications of GR, in-
cluding theories with extra dimensions [254], Horˆava gravity [135] f(R) mod-
els [255,256] and massive gravity [257].
3.3.2 Future Tests
GW tests will benefit in the future from three types of accomplishments: (i)
multiple detections, (ii) low-frequency detections, and (iii) multi-wavelength
observations. It is easy to understand how multiple detections can yield im-
proved tests: one can either stack the events to enhance the power in the signal,
or simply combine the events by multiplying posteriors together to enhance
constraints. This will strengthen inferences on both the generation and prop-
agation of waves, roughly by a factor
√
N if N is the number of comparable
signal-to-noise ratio events. In reality, the enhancement factor will be domi-
nated by the loudest events (see e.g. [258]). The second accomplishment refers
specifically to observations with space-borne detectors, which will be sensitive
to waves in the milli-Hz range. These observations are unique because they will
allow for very high signal-to-noise ratios (in the hundreds to thousands) and
very large distances (roughly Gpc and beyond), and they can probe systems
at much larger separations, or much lower orbital frequency. Such observations
will strengthen inferences both on the generation and propagation sectors, al-
though propagation bounds will benefit the most, due to the long baseline
of the measurements. The third accomplishment refers to observations that
could be done first by space-borne detectors at deci-Hz frequencies, when the
binary system is widely separated, and then again by ground-based detectors
at hecto-Hz frequencies, when the same binary merges. This will allow for
precise tests that metaphorically tie the theory at both ends: during the early
inspiral and during the merger simultaneously.
Given these expected advancements, one may wonder how much more strin-
gent future constraints will become in the future [259–261]. Fig. 2 shows pro-
jected constraints on the βppE parameter as a function of the PN order at
which they enter – i.e., a term of N PN order is associated with a ppE correc-
tion proportional to v2N−5 – for a variety of single GW observations from the
inspiral of compact binaries. The shaded regions correspond to variations in
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Fig. 2 [From [259].] Projected constraints on modified gravity effects as a function of
ppE PN order at which they first enter, for a variety of space-based (left) and ground-
based (right) detectors and a variety of systems. Anything above the regions is projected
to be ruled out. The shaded regions are bounded by the highest and lowest constraints
that can be placed at a given PN order for all instruments studied. For comparison, we
also include the constraints that have already been placed by aLIGO with the GW150914
detection [29, 30] (thin cyan line), as well as constraints that can be placed with binary
pulsars [216] (dashed black line). Observe that the magnitudes of the projected constraints
with space-based and ground-based instruments are comparable at positive PN orders, with
space-based constraints being better by roughly 2–4 orders of magnitude at negative PN
order.
the constraints due to using different future instruments, including aLIGO at
design sensitivity, A+, Voyager, Cosmic Explorer, the Einstein Telescope, and
different incarnations of LISA. Observe that future constraints will be many
orders of magnitude more stringent than current constraints (represented here
with the aLIGO observation of GW150914 in cyan). These constraints would
be enhanced by a factor of roughly
√
N given N observations, where one should
keep in mind that ground-based and space-based detectors are not expected
to see the same number of events; although this is strongly dependent on the
uncertain event rate, one expects to see roughly 104 sources with ground-
based instruments, and roughly 102 sources with space-based instruments (see
e.g. [262]).
A related question is how the strength of the constraint changes with dif-
ferent third-generation (3G) detector configuration. Fig. 3 shows the fractional
improvement of projected constraints as a function of ppE PN order at which
modified gravity effects first enter [259] for a variety of detectors (relative to
aLIGO at design sensitivity). Although minor upgrades, like A+ and Voyager,
will only lead to modest improvements in constraints, 3G detectors can achieve
improvements that are better than an order of magnitude. The fractional im-
provement dramatically increases at negative PN order in the ET case, simply
because of this detector’s greatly improved sensitivity at low frequencies [259].
Given these more stringent constraints, the natural question to ask is: what
new physics will be probed in the future? Multi-wavelength observations with
space- and ground-based instruments will allow for constraints on violations of
the strong equivalence principle that are 8 orders of magnitude more stringent
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Fig. 3 [From [259].] Projected fractional improvement of constraints on modified gravity
effects as a function of ppE PN order at which they first enter for a variety of detectors
(relative to aLIGO at design sensitivity). The shaded regions are the same as in Fig. 2.
Observe that 3G detectors improve constraints by more than an order of magnitude even
for single detectors.
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Fig. 4 [From [259].] Projected constraints on dipole emission (left) and the mass of the
graviton (right) for a variety of sources and detectors. Anything above the points is projected
to be ruled out. The horizontal dashed lines correspond to current constraints. Observe that
the magnitude of the projected constraints with space-based and ground-based instruments
are always a great improvement over what aLIGO at design sensitivity will be able to achieve.
than all current bounds [260]. Single observations with future instruments
will allow for constraints on the size of a large extra-dimension (in Randall-
Sundrum type models) that are 5 orders of magnitude more stringent than
current bounds with aLIGO [259]. Similarly, constraints on the mass of the
graviton from propagation effects in the dispersion relation will be about 5
orders of magnitude better than current bounds [259]. These constraints would
begin to approach the natural value of the mass of the graviton in eV that
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one would expect if such a mass is somehow connected to a solution to the
dark-energy problem. Fig. 4 shows how constraints on dipole emission and the
mass of the graviton improve for a variety of sources and detectors [259].
4 Merger Tests of Modified Gravity
There are very few merger simulations in non-GR theories. This is because
simulations are possible only for theories where a gauge has been found in
which the theory is well-posed. For example, dCS gravity is likely to be ill-
posed when treated as an exact theory [75,98], although it becomes well-posed
if one treats it as an effective field theory and solves the field equations order
by order [98], as done in [263]. The well-posedness of Lovelock gravity and of a
certain subclass of Horndeski theories has been studied in [264], including also
D2GB gravity [76]. The latter theory was found to be not strongly hyperbolic in
a specific class of (generalized harmonic) gauges. Therefore the well-posedness
of EdGB and D2GB gravity in general is still an open question. Recently
Cayuso et al. [265] proposed a new framework to make a truncated theory
well-behaved following the Israel-Stuart formalism for relativistic viscous hy-
drodynamics, and they applied this framework to toy models for linearized
non-commutative geometry and dCS gravity. The application of this frame-
work to the full theories and to other non-GR theories is an active research
area.
In contrast to the theories discussed above, proving well-posedness is al-
most trivial for the Bergmann-Wagoner scalar-tensor theories5 discussed in
section 2.1.1 [268]. We will first review analytical work on the dynamics of
binary systems in these theories, and then summarize some numerical simula-
tions of compact binary systems that have been carried out in these theories.
4.1 Compact Binaries in Scalar-Tensor Theories: Analytical Results
As stated earlier, scalar-tensor gravity is the most studied modified theory of
gravity. It was studied in depth already in the 1950s [8–10], and most variants
of Bergmann-Wagoner theories have been constrained to be extremely close to
GR, at least in the weak-field limit. These theories are well-posed, so compact
binary systems can be evolved throughout merger. The question is: are there
variants of scalar-tensor gravity which are still compatible with weak-field
and cosmological observations, but at the same time make predictions in the
strong-gravity regime that are sufficiently different from GR to be testable
with GW interferometers?
Weak-field observations imply that α0  1 in Eq. (3), so that deviations
from GR are generally small. However there are cases where scalar-tensor
gravity may lead to observable differences from GR in the strong-field regime
5 Since f(R) theories are equivalent to scalar-tensor gravity, they are also well-posed [266,
267].
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targeted by GW detectors. Three such smoking guns of scalar-tensor gravity
are:
(i) The emission of dipolar gravitational radiation from compact binary
systems. Dipolar gravitational radiation is “pre-Newtonian,” i.e. it occurs at
lower PN order than quadrupole radiation, and it does not exist in GR [83,185].
So far, LIGO/Virgo binary black hole detections outnumber the detections of
binary systems containing neutron stars. Unfortunately, the phenomenology
of scalar-tensor theory in vacuum spacetimes (such as binary black hole space-
times) is less interesting than in the presence of matter. This is because, when
the matter action SM can be neglected, the Einstein-frame formulation of
the theory is equivalent to GR minimally coupled to a scalar field. Isolated
black holes in Bergmann-Wagoner theories6 satisfy the same no-hair theorem
as in GR, and thus the stationary black hole solutions in the two theories
coincide7 [275,276]. Dipolar radiation is proportional to the difference in sen-
sitivity between the two binary members [see Eq. (41) below], so it vanishes
identically for binary black hole systems. In fact, as we explain in Appendix B,
dynamical (vacuum) black hole binary spacetimes satisfy what we could call
a generalized no-hair theorem: the dynamics of a black hole binary system
in Bergmann-Wagoner theory with vanishing potential in asymptotically flat
spacetimes are the same as in GR up to at least 2.5 PN order for generic mass
ratios [12,191], and at any PN order in the extreme mass-ratio limit [277].
(ii) Spontaneous scalarization. Sizable strong-field deviations from GR can
occur in the presence of non-perturbative neutron star (or black hole) solutions
for which the scalar field amplitude is finite even when α0  1. This spon-
taneous scalarization phenomenon [13, 14] could significantly affect the mass
and radius of a neutron star, and therefore the orbital motion of a compact
binary system, even far from coalescence. This mechanism relies on the pres-
ence of matter, so (once again) it does not apply to black holes; however, it
has recently been pointed out that there are some scalar-tensor theories where
black hole solutions can scalarize [91,93,94,278].
(iii) Superradiance in rotating black hole spacetimes. Another class of non-
perturbative mechanisms involves rotating black holes and the phenomenon
known as superradiance (see [279] for a review). The coupling of massive scalar
fields to matter in orbit around rotating black holes leads to a surprising effect:
because of superradiance, matter could in principle hover into “floating orbits”
for which the net gravitational energy loss at infinity is entirely provided by
the black hole’s rotational energy [280]. This phenomenon could in principle
occur in nature, but it is possible that radiation reaction [281] and finite-size
effects [282] will destabilize floating orbits. Tachyonic instabilities similar to
6 Some classes of Horndeski theory (for example, those that can be shown to be equivalent
to Einstein-dilaton-Gauss-Bonnet gravity through integration by parts) are such that these
no-hair theorem can be circumvented [59,79,91,269], so that stationary black hole solutions
can be different from GR.
7 There are some proposal to circumvent these no-hair theorems involving time-dependent
scalar fields [270–272]. Recent evidence shows that the resulting solutions are unstable [273],
but the instability is astrophysically irrelevant in some regions of the parameter space [274].
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spontaneous scalarization can also be produced when “ordinary” rotating black
holes in GR are surrounded by matter, as long as the trace of the stress-energy
tensor changes sign [283,284].
Two complementary approaches are used to model these effects in compact
binary systems: analytical calculations (usually PN expansions) and numeri-
cal relativity simulations. Below we will review numerical studies of compact
binaries in scalar-tensor gravity and other modified theories of gravity.
4.2 Compact Binaries in Scalar-Tensor Theories: Numerical Simulations
Even within GR, obtaining numerically stable and accurate time evolutions of
the Einstein equations took almost 50 years. A stable evolution of binary black
holes and neutron stars in numerical relativity requires an understanding of
many complex issues, such as the well-posedness of the evolution system, the
construction of initial data and gauge conditions [285]. These same questions
naturally arise also in modified theories of gravity, and at present they remain
unanswered for most of these theories. Scalar-tensor theories are a notable
exception, because they can be formulated in close analogy to GR. As discussed
in Section 2.1, the action of scalar-tensor theories in the Einstein frame is
the same as the Einstein-Hilbert action, except for a minimal coupling with
the scalar field in the gravitational sector. A non-minimal coupling with the
scalar field only appears in the matter sector. The resulting field equations
are similar to the field equations of GR, and the evolution of the scalar field
ϕ is dictated by a hyperbolic wave equation. Therefore scalar-tensor theories
can be evolved using relatively minor generalizations of the numerical codes
developed for GR. As shown by Salgado et al. [268,286], a strongly hyperbolic
formulation can be obtained also in the physical (Jordan) frame. However, the
Einstein frame is exceptionally convenient for applications to binary black hole
spacetimes, because in vacuum the evolution equations are independent of the
coupling function A(ϕ). In this sense, a single numerical evolution represents
a whole class of theories characterized by different functional forms of A(ϕ)
for a given potential V (ϕ). Different choices of the function A(ϕ) result in
different physical predictions, but all of these predictions can be calculated
by post-processing data from a single numerical simulation. This would not be
possible in the Jordan frame, where the coupling function appears explicitly
in the field equations.
Black hole binaries. Because of the “dynamical no-hair theorem” summarized
in Appendix B, interesting black hole binary dynamics that are significantly
different from GR requires somewhat contrived scenarios. The “dynamical
no-hair theorem” of Appendix B relies on the following assumptions: (1) vac-
uum spacetime, (2) the scalar-tensor action is truncated at second order in a
derivative expansion, (3) the potential V (ϕ) vanishes, and (4) the metric is
asymptotically flat, with an asymptotically constant scalar field.
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Deviations from GR in black hole binaries can occur if we violate any
of these assumptions. What happens when we violate hypothesis (1) will be
discussed in the next section. Violating hypothesis (2) by introducing higher-
order derivatives in the action would lead to substantially more complicated
equations, whose well-posedness is presently unclear (see e.g. [287]).
Healy et al. [288] introduced nontrivial dynamics by placing the black holes
inside a scalar field “bubble” which in some cases includes a non-vanishing
scalar field potential, thus violating hypothesis (3). As the bubble collapses,
the black holes accrete the scalar field and grow in mass. This mass growth
affects the binary dynamics and the emitted gravitational radiation, and the
inclusion of a potential term introduces longer lived dynamics in the scalar field
mode. Their work supports the view that an evolving scalar field is required to
introduce interesting dynamics in black hole binaries. However, for the effects
to be observable the merging black holes must accrete enough scalar field to
appreciably change their masses and modify the binary evolution.
Horbatsch & Burgess [180] suggested violating hypothesis (4) instead: if
the scalar field is time-dependent at the boundary, the black holes in a bi-
nary could retain scalar hair [179] and emit dipole radiation, as long as their
masses are not exactly equal. Numerical evolutions implementing this idea
were carried out in [287] by introducing non-asymptotically flat or constant
boundary conditions. The main motivation for relaxing this assumption comes
from cosmology: indeed, inhomogeneous scalar fields have been considered as
an alternative to dark matter [289, 290] and as models of supermassive boson
stars [291]. For scalar-field profiles that vary on a length scale much larger than
the black hole binary orbital separation, the scalar-field gradient can be consid-
ered approximately constant. Ref. [287] studied the quasi-circular inspiral of a
non-spinning black hole binary (with mass ratio 3 : 1) in a scalar-field gradient
perpendicular to the orbital angular momentum vector. The lowest multipoles
of the radiation are effectively indistinguishable from their GR counterparts.
However, a non-vanishing scalar field gradient can lead to (mostly dipolar)
emission of scalar radiation, which is not present in GR at twice the orbital
frequency. At first glance this may appear surprising, but a simple calcula-
tion reveals that this feature is a consequence of the interaction of the orbital
motion with a background field with an azimuthal component m = 1: cf. the
discussion around Eqs. (36)-(38) of [287].
In summary, the simulations of [287] and [288] demonstrate that non-
asymptotically flat boundary conditions provide a mechanism to generate
scalar radiation in black hole inspirals in scalar-tensor theories of gravity, at
least in principle. Unfortunately, this scalar radiation will be unobservable in
the near future for cosmologically realistic values of the scalar-field gradients.
Neutron star binaries. The dynamics of scalar-tensor theories of gravity in
the presence of matter sources can be very different from GR. The theory can
violate the strong equivalence principle, so that self-gravitating objects follow
trajectories that depend on their internal composition/structure: this is the
well-known “Nordtvedt effect” [185,292,293].
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For Bergmann-Wagoner theories, the dimensionless coupling α(ϕ) between
the scalar field and matter can be expanded as in Eq. (3), where α0 =
1/
√
3 + 2ωBD and β0 are dimensionless constants, and ϕ0 is the asymptotic
value of the scalar field. The leading-order term in this expansion, i.e. α0, is
severely constrained by Solar System experiments: ωBD > 40 000, or α0 <
3.5 × 10−3 [6]. Furthermore β0 & −4.5, otherwise spontaneous scalarization
would affect the dynamics in ways that are severely constrained by binary
pulsar data (note that these constraints are mildly dependent on, and slightly
degenerate with, the equation of state of nuclear matter [55,294,295]).
Recently, Barausse et al. [296] and Palenzuela et al. [297] (using numeri-
cal simulations and semi-analytical arguments, respectively) discovered a phe-
nomenon similar to spontaneous scalarization in the late stages of the evolu-
tion of binary neutron star binaries, that they called “dynamical scalarization”
(see also [294,298]). Even when the individual neutron stars would not spon-
taneously scalarize in isolation, the scalar field inside each star can grow in
amplitude when the binary separation decreases to about 50− 60 km, affect-
ing the binary dynamics and speeding up the merger with respect to GR. The
resulting gravitational waveforms are significantly different from GR at fre-
quencies ∼ 500−600 Hz, and deviations at even lower frequencies are possible
for certain binary systems and theory parameters. Therefore, the effects of
dynamical scalarization are in principle detectable (at least in some cases) by
LIGO/Virgo like detectors for values of the coupling parameters ω0 and β that
are still allowed by Solar System and binary pulsar tests [55]: see [17] for an
extensive discussion.
Unfortunately, the coupling parameters (α0, β0) needed in order to obtain
any type of scalarization seem to be incompatible with Solar System observa-
tions when accounting for the cosmological evolution of the scalar field [15–18].
This is because for scalarization to occur, typically β0 must be negative (or
positive and very large [299], which leads to instabilities [300]), but this also
forces the scalar field to evolve cosmologically away from General Relativity,
thus leading to maximal deviations by the present epoch in the Solar System.
That is, when accounting for the cosmological evolution of the scalar field,
the observation of the Shapiro time delay and its consistency with GR essen-
tially require β0 to be positive (and scalarization not to occur) in the simplest
models. One way out of this is to allow the scalar field to have a mass or to
fine-tune the cosmological initial conditions, so that the scalar field does not
evolve cosmologically at all.
Deviations from GR may also be observable in the electromagnetic signal
from binaries of magnetized NSs [301], and therefore they could be tested
by multi-messenger observations similar to GW170817 [33]. This work was
recently generalized to certain f(R) models – namely, f(R) ∼ R2 – which are
equivalent to massive scalar-tensor theories. The inspiral/merger dynamics of
neutron star binaries in these theories, as observed by GW detectors, can set
stringent bounds on attractive finite-range scalar forces [302].
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4.3 Compact binaries in other theories of gravity
As discussed above, our ability to simulate compact binary mergers in modified
theories of gravity that go beyond “plain vanilla” scalar-tensor theories is
limited by our poor understanding of their well-posedness.
Jai-akson et al. [303] estimated the outcome of a merger in Einstein-
Maxwell-dilaton gravity (whose action arises in the low-energy limit of string
theory) using a “geodesic analogy” approach inspired by [304], rather than
numerical simulations. Their qualitative conclusions were confirmed by full-
blown numerical simulations of isolated and binary black hole systems [305].
For the coupling parameters considered in their work, the dilaton can largely
be ignored, and GW signals from binary black hole systems in these theories
are hard to distinguish from their GR counterparts.
Another line of inquiry tries to understand (or bypass) well-posedness is-
sues, such as the study of the initial value problem in Lovelock gravity and
in a subclass of Horndeski theories [264] including EdGB gravity [76], and
the Israel-Stewart [306,307] type approach [265], as we already reviewed. An-
other idea to cure these pathologies involves an iterative strategy, where the
zeroth-order solution provided by GR is employed to evaluate higher-order
“corrections” [308]. Okounkova et al. [263] performed binary black hole merger
simulations in dCS gravity using a well-posed perturbation scheme for numer-
ically integrating beyond-GR theories that have a continuous limit to GR, and
working to linear order in the perturbation parameter. They computed gravita-
tional waveforms in GR and energy fluxes of the dCS pseudo-scalar field, find-
ing good agreement with analytic predictions at early times [23] (including the
absence of pseudo-scalar dipole radiation) and discovering new phenomenol-
ogy, including in particular a burst of dipole radiation during merger. Perhaps
unsurprisingly, they found that LIGO observations could place bounds on the
new dCS length scale that are approximately comparable to the size of the
black hole horizon, i.e. ∼ O(10) km.
More interesting merger dynamics could occur in the presence of black
hole scalarization phenomena, which have recently been studied in Einstein-
Maxwell-dilaton [309] and scalar-Gauss-Bonnet [91] gravity models.
5 Outlook and Discussion
We end this review by discussing some important future directions that need to
be pursued. In order to improve our ability to probe extreme gravity with GWs,
one needs to prepare parametrized template waveforms that capture non-GR
effects not only in the inspiral, but also in the merger-ringdown phase. Ideally
one would achieve this goal through black hole merger simulations in various
non-GR theories, which are necessary to understand qualitatively and quanti-
tatively how non-GR modifications affect the merger-ringdown phase, and to
construct complete inspiral-merger-ringdown parameterized waveforms. These
simulations require a preliminary understanding of the well-posedness proper-
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ties of modified theories of gravity. Some recent attempts to build parametrized
frameworks for the post-merger/ringdown waveform (see e.g. [310, 311]) will
be discussed in the second part of this contribution.
Current work linking GW observations with the “fundamental” parameters
of various modified theories of gravity [36] can and should be improved in vari-
ous ways. First, one needs to use the actual data and carry out a Bayesian anal-
ysis to derive bounds on modified theories of gravity with GW observations.
Second, one needs to study how the bounds on each theory improve by com-
bining all the observed GW events. Bounds on generic non-GR parameters in
the waveform with multiple events have been derived by the LIGO/Virgo Col-
laboration in [31,32,215], though it is difficult to map such combined bounds
on generic parameters to those on theoretical coupling constants in each the-
ory. This is because the former depends not only on the latter, but also on
source parameters (like masses) that are different from one source to another.
Thus, to derive combined bounds on each theory, one may need to carry out
a theory-based (rather than model-independent) analysis. Third, one needs to
repeat and extend these calculations taking into account the binary neutron
star merger event GW170817.
Other ways to improve bounds on non-GR theories include deriving sub-
leading PN corrections to the gravitational waveform. Higher-order correc-
tions, while subdominant in certain theories (such as Brans-Dicke theory [36]),
may be important in other theories. For example, the leading −1PN correc-
tion in EdGB gravity is suppressed for nearly equal-mass and equal-spin black
hole binaries (unless scalarization occurs [91]), and thus the subleading 0PN
correction may dominate the −1PN contribution.
Another avenue for future work includes deriving black hole sensitivities in
theories like EA and khronometric gravity. These sensitivities can be calculated
by constructing a slowly moving black hole solution relative to the vector field,
following previous work on neutron star sensitivities [126,127]. Reference [36]
used the 0PN correction to the waveform for these theories as the dominant
contribution, but the −1PN correction due to scalar and vector radiation (that
depends on the sensitivities) may dominate over the 0PN correction.
One also needs to construct non-GR waveforms for generic binaries with
precessing and eccentric orbits. For example, the dCS correction to the wave-
form in Table 2 is only valid for spin-aligned systems, and thus it is important
to derive the waveform for precessing binaries in this theory, as spins are cru-
cial to constrain parity violation in gravity. However in order to construct
parameterized non-GR template waveforms for generic orbits, one needs to
first construct such waveforms with sufficient reliability within GR.
Another important avenue to pursue is to reveal the importance of correc-
tions to GW generation when probing corrections to GW propagation. Refer-
ence [36] showed that generation effects are negligible compared to the propa-
gation effects for a specific model of massive gravity, but this may not be true
in other modified gravity theories.
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A Derivation of the Black Hole Scalar Charge in decoupled
dynamical Gauss-Bonnet Gravity
The goal of this appendix is to derive the scalar charge in D2GB gravity for a stationary
black hole, valid to arbitrary order in spin. We closely follow the calculation in dCS gravity
in [181]. The scalar charge µ can be read off from the 1/r coefficient in the asymptotic
behavior of the scalar field at spatial infinity as φ = µM/r + O(M2/r2), where M is the
black hole mass. Since we work within the small-coupling approximation, we can take the
background metric to be Kerr, and the above equation becomes
∂
∂r˜
(
∆
∂φ
∂r˜
)
+
1
sin θ
∂
∂θ
(
sin θ
∂φ
∂θ
)
= T , (23)
where we work in the rescaled radial coordinate r˜ ≡ r/M and ∆ ≡ r˜2 − 2Mr˜ + χ2 with χ
representing the dimensionless Kerr parameter, and
T ≡ −48αGB M
2
Σ5
[
r˜6 − 15r˜4χ2 cos2 θ + 15r˜2χ4 cos4 θ − χ6 cos6 θ] , (24)
with Σ ≡ r˜2 + χ2 cos2 θ.
In order to solve the above field equation using Green’s functions, we decompose the
scalar field φ and the source term T as [312]
φ =
αGB
M2
∑
`
R`(r˜)S`(θ) , (25)
T =
αGB
M2
∑
`
T`(r˜)S`(θ) , (26)
where S`(θ) is normalized as
2pi
∫ pi
0
S2` sin θ dθ = 1 . (27)
Inverting Eq. (26), one obtains
T` = 2pi
M2
αGB
∫ pi
0
T S` sin θ dθ . (28)
Eq. (23) can be split into radial and angular parts as
∂
∂r˜
(
∆
∂R`
∂r˜
)
− `(`+ 1)R` = T` , (29)
1
sin θ
∂
∂θ
(
sin θ
∂S`
∂θ
)
+ `(`+ 1)S` = 0 . (30)
The solution to the second equation is nothing but the m = 0 mode of the spherical har-
monics S` = Y`0.
Let us first derive the scalar monopole charge by concentrating on the ` = 0 mode. The
solution to Eq. (29) consists of homogeneous and particular solutions. Let us first study the
former. Modulo overall integration constants, homogeneous solutions for the ` = 0 mode of
Eq. (29) are given by
R
(hom,1)
0 (r˜) = 1 , (31)
R
(hom,2)
0 (r˜) =
1
2
√
1− χ2
log
(
r˜ − 1−
√
1− χ2
r˜ − 1 +
√
1− χ2
)
.
(32)
Extreme Gravity Tests with GWs from Compact Binaries: (I) Inspiral-Merger 33
The asymptotic behavior of R
(hom,2)
0 at spatial infinity and at the Kerr horizon r˜hor ≡
1 +
√
1− χ2 is given by
R
(hom,2,inf)
0 (r˜) =
1
r˜
+O
(
1
r˜2
)
, (33)
R
(hom,2,hor)
0 (r˜) =
1
2
√
1− χ2
log
(
r˜ − r˜hor
2
√
1− χ2
)
+O[(r˜ − r˜hor)] . (34)
Since EdGB gravity is a shift-symmetric theory, one can set φ(∞) = 0 without loss of gen-
erality (namely no contribution from R
(hom,1)
0 ). Imposing further regularity at the horizon,
one finds that the homogeneous solution is absent.
Let us now turn our attention to the particular solution R
(p)
0 (r˜). Such a solution is
obtained by using the Green’s function constructed from the two independent homogeneous
solutions above [313–315]:
R
(p)
0 (r˜) =
1
∆ W
[
R
(hom,2)
0 (r˜)
∫ r˜
r˜hor
T0(r˜
′)R(hom,1)0 (r˜
′) dr˜′
−R(hom,1)0 (r˜)
∫ r˜
∞
T0(r˜
′)R(hom,2)0 (r˜
′) dr˜′
]
, (35)
where W is the Wronskian:
W ≡ R(hom,1)0
d
dr˜
R
(hom,2)
0 −R(hom,2)0
d
dr˜
R
(hom,1)
0 =
1
∆
. (36)
The lower bound of the integral in Eq. (35) is determined such that the solution is regular
at the horizon and satisfies φ(∞) = 0. For the purpose of studying the leading asymptotic
behavior at infinity, one only needs to consider the first term in Eq. (35).
Combining Eqs. (25) and (35) and performing the integral in the latter, one reads off
the monopole scalar charge as
µGB =
αGB
M2
Y00
∆ W
∫ ∞
r˜hor
T0(r˜
′)R(hom,1)0 (r˜
′) dr˜′
= 4
αGB
M2
√
1− χ2 − 1 + χ2
χ2
. (37)
We checked that when we expand the above scalar charge around χ = 0, the expression
agrees with that in [81] to O(χ8).
In a similar manner, one can calculate the quadrupolar scalar charge qGB by extracting
the coefficient of P2(cos θ)M3/r3 in the asymptotic behavior of the scalar field at spatial
infinity. One finds
qGB = − 4
3χ3
α
M2
{
χ
[
2χ2
(
χ2 +
√
1− χ2 − 2
)
− 5
√
1− χ2 + 8
]
+ 6 tan−1
(√
1− χ2 − 1
χ
)}
.
(38)
Again, we checked that an expansion of this expression about χ = 0 agrees with that in [81]
to O(χ8).
B A “dynamical no-hair theorem” for black holes in scalar-tensor
gravity
The goal of this appendix is to show and explain how black hole binaries do not develop
scalar hair upon dynamical evolution. That is, we will explain how the dynamics of a black
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hole binary system in Bergmann-Wagoner theory with vanishing potential in asymptotically
flat spacetimes are the same as in GR, focusing first on the inspiral phase of coalescence.
In the inspiral phase of the binary’s evolution it is appropriate to use the PN approxima-
tion, an expansion in powers of v/c ∼ (Gm/rc2)1/2. It is convenient to introduce a rescaled
version of the scalar field φ: ϕ ≡ φ/φ0, where φ0 is the value of φ at infinity (assumed to
be constant). Mirshekari and Will [191] found the equations of motion for the bodies up to
2.5PN order. Schematically, the relative acceleration a ≡ a1 − a2 takes the form
ai =− Gαm
r2
nˆi +
Gαm
r2
(APNnˆ
i +BPNr˙v
i) +
8
5
η
(Gαm)2
r3
(A1.5PNr˙nˆ
i −B1.5PNvi)
+
Gαm
r2
(A2PNnˆ
i +B2PNr˙v
i) , (39)
where m ≡ m1 +m2, η ≡ m1m2/m2, r is the orbital separation, nˆ is a unit vector pointing
from body 2 to body 1, and v ≡ v1−v2 is the relative velocity. The coefficients APN, BPN,
A1.5PN, B1.5PN, A2PN, and B2PN (which are typically time-dependent) are given in [191].
The symbol G represents the combination (4 + 2ω0)/[φ0(3 + 2ω0)] [with ω0 ≡ ω(φ0)], which
appears in the metric component g00 in the same manner as the gravitational constant G in
GR. However, the coupling in the Newtonian piece of the equations of motion is not simply
G but Gα, where
α ≡ 3 + 2ω0
4 + 2ω0
+
(1− 2s1)(1− 2s2)
4 + 2ω0
(40)
and si (i = 1 , 2) are the sensitivities of the two objects:
sA ≡
(
d lnMA(φ)
d lnφ
)
φ=φ0
. (41)
Higher-order derivatives of MA(φ) are used to define higher-order sensitivities, e.g. s′A and
s′′A. Note that in GR radiation reaction begins at 2.5PN order (quadrupole radiation), while
in scalar-tensor gravity radiation reaction begins at 1.5PN order, due to the presence of
dipole radiation.
All deviations from GR can be characterized using a fairly small number of parameters,
all combinations of φ0, the Taylor coefficients of ω(φ), and the sensitivities sA, s
′
A, and s
′′
A. If
one object in the system is a black hole (with the other being a neutron star), the motion of
the system is indistinguishable from GR up to 1PN order. All deviations beyond 1PN order
depend only on a single parameter, which is a function of ω0 and the neutron star sensitivity.
Unfortunately, this parameter alone (if measured) could not be used to distinguish between
Brans-Dicke theory and a more general scalar-tensor theory.
Going beyond the equations of motion, the next step is the calculation of gravitational
radiation. The tensor part of the radiation, encoded in h˜ij , was computed up to 2PN or-
der by Lang [192]. All deviations depend on the same (small) number of parameters that
characterize the equations of motion. For black hole-neutron star systems, the waveform is
indistinguishable from GR up to 1PN order, and deviations at higher order depend only on
the single parameter described above. For binary black hole systems, the waveform is com-
pletely indistinguishable from GR. Scalar radiation has recently been computed by Lang [193]
using a very similar procedure. The dipole moment generates the lowest-order scalar waves,
which are of −0.5PN order:
ϕ =
4Gµα1/2
R
ζS−(Nˆ · v) , (42)
where µ ≡ m1m2/m is the reduced mass, Nˆ ≡ x/R is the direction from the source to the
detector, ζ ≡ 1/(4 + 2ω0), and
S− ≡ α−1/2(s2 − s1) . (43)
Because computing the radiation up to 2PN order requires knowledge of the monopole
moment to 3PN order (relative to itself) and knowledge of the dipole moment to 2.5PN
order, Lang [193] computed the scalar waveform only to 1.5PN order. The 1.5PN waveform
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is described by the same set of parameters that describes the 2.5PN equations of motion
and the 2PN tensor waveform. Again, the scalar waveform vanishes for binary black hole
systems (so that the GW signal is indistinguishable from GR).
Lang [193] used the tensor and scalar waveforms to compute the total energy flux carried
off to infinity to 1PN order. A derivation of the quadrupole-order flux in tensor-multiscalar
theories (that agrees with Lang’s results in the single-scalar limit) can be found in [12]. A
similar calculation for compact binaries in the massive Brans-Dicke theory was performed
by Alsing et al. [52] (see also [316,317]). In the notation used above, and correcting a mistake
in [52], they found that the lowest-order flux is given by
E˙ =
4
3
µη
r
(
Gαm
r
)3
ζS2−
[
ω2 −m2s
ω2
]3/2
Θ(ω −ms) , (44)
where ω is the binary’s orbital frequency, ms is the mass of the scalar field, and Θ is the
Heaviside function (i.e., in massive Brans-Dicke theory, scalar dipole radiation is emitted
only when ω > ms).
The emitted radiation has very special features for a binary black hole system: from
Eq. (40) and (42) with s1 = s2 = 1/2 we see that the dominant terms are identical to
the equations of motion in GR, except for an unobservable mass rescaling. This result is
a generalization to binary systems of “no-scalar-hair” theorems that apply to single black
holes [318]. For generic mass ratio, Mirshekari and Will proved this “generalized no-hair
theorem” up to 2.5PN order, but they conjectured that it should hold at all PN orders.
Indeed, Ref. [277] has shown that the equations of motion are the same as in GR at any PN
order if one considers an extreme mass-ratio system and works to lowest order in the mass
ratio, and the conjecture is also supported by numerical relativity studies [287, 288]. This
“generalized no-hair theorem” for binary black holes depends on some crucial assumptions:
vanishing scalar potential, asymptotically constant value of the scalar field, and vanishing
matter content. If any one of these assumptions breaks down, the black hole binary’s behavior
will differ from GR.
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